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1. INTRODUCTION

In this paper we construct and analyse one-sided approximation
operators for functions of bounded variation on [0, 1]. The basic idea of
the construction consists in connecting the classical approach for one-sided
approximation used by Freud [1] and Névai [5] with a special problem of
Hermite interpolation. To get characterization and saturation for one-sided
L ,-approximation, we will use the well known 7-modulus which is the
appropriate modulus for measuring smoothness of functions in one-sided
approximation theory (cf. Popov [6] and his references). This paper
includes also some brief remarks concerning the weighted L -
approximation properties of the operators. In this context, smoothness of a
function f will be measured by the properties of some special maximal
functions of f.

2. NoTaTION

Let BV[O, 1] be the space of all functions f of bounded variation on
[0, 1] canonically extended to R by defining f(x):= f{0), x<0, and
J{x):=f(1), x> 1. For 1< p< oo we will denote by Z,[0, 1] the class of
measurable functions f on [0, 1] with | f|” Lebesgue integrable and by
-1l , the usual L, -norm with respect to [0, 1]. Finally, let C[0, 13 be the
space of all continuous functions on [0, 1] and |-, the corresponding
maximum norm.

* This paper is an extract of the author’s thesis written at the FernUniversitdt of Hagen
under the direction of Prof. Dr. F. Locher (FernUniv. of Hagen) and Prof. Dr. M. W. Miiller
{University of Dortmund).
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3. CONSTRUCTION OF THE OPERATORS

We apply the classical strategy of generating one-sided approximations
used by Freud [1] and Névai [5]. So we are first interested in constructing
simple but effective one-sided approximations for the so-called step
functions G,: R* - {0, 1},

0 if x<t

e {y— Y0 —
Golx, 1) i={x=1)5 - {1 it x>e

For this purpose we generate uniquely determined Hermite interpolation
polynomials 4,(x, t) and H,(x, t) of maximal degree 2n in x which are
defined by

hXt—1,1)=H9(t—1,£)=0, i=0,.,n—1,
h,(t, 1)=0,
H,(t, 1)=1, (3.1)
h(t+1,)=H, (t+1,¢)=1,
A+ 1L, y=HNt+ 1, 1)=0, i=1,.,n—1
(It is assumed that ¢ e R is fixed and the differentiation is taken with respect

to x. For sake of brevity we will sometimes identify a function f with its
“value” f(x), as done above in case of #, and H,.)

LEMMA 3.1. Ler neN and te[0,1] be given. Then the algebraic
polynomials h,(x,t) and H,(x,t) of maximal degree 2n in x satisfy the
inequality

hox, 1)< (x—1)% < H,(x, 1), xe[0,1], (3.2)
and the identity
(H,(x, 1) = h,(x, )= (1 — (x —1)%)", xe[0,1]. (3.3)

Moreover, for a fixed xe[0,1], h,x,t) and H,x,t) are continuous
Sfunctions in t.

Proof. The lemma may be easily proved by explicit calculation of the
functions 4, and H,. We get

h(x,t)=a, J

t—

[ (1= =0y tdE~ 31~ (x—1)°)",

Hx0=a,[ (1=(€—0 ' de+H1—(x—1p),

r—1
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w0l <[ a-era)

To get (3.2) we additionally have to show that #4,(x, t) {and analogously
H,(x, 1)) has only one local extremum in (z— 1, t+ 1) 2 (0, 1} as a function
of x. This follows immediately by the equivalence

h(x,t)=0 for xe{r—1,14+1)
if and only if x=¢t—a,n .

To do the final step in constructing the operators we need a few
definitions. For feBV[0,1] and 0<x<v<1 let V¥ f) be the total
variation of f over [x, y] and V/(x):=V§(f), xe[0, 1], the so-called
variation function of f. Moreover, we define

J ) =5V Ax) + fx))
and
S7() =5V Ax) = flx))

for xe[0,1]). As f* and f~ are non-decreasing functions we get the
foliowing theorem.

THEOREM 3.1. Let neN and fe BV[O0, 1] be given. Then the operators
@, and @, defined on BV[0,1] by

0N = £0)+ [ hlx 0 dr (0= ] Hyx 0 df G0

(3.4
8N = 1O+ [ H(x0ydf (=[x 0)df (1),
have the following properties:
(a) (pn(f)’ (Dn(f)enbza
(b}
e )X)<fx)<2,()x),  xe[0, 1], (3.5

{c}) For xe[0, 1] the one-sided approximation error given by ¢, and
@, has the representation

(@D =@ XN = || (1= (e 17 V) (36)
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Proof. Since (a) and (c) are easy consequences of Lemma 3.1 and the
linearity of the Riemann-Stieltjes integral (both in integrand and
integrator) we only have to prove (b). Because of Lemma 3.1 we get using
the monotonicity of the Riemann-Stieltjes integral in case of monotone
integrator functions (xe [0, 1]),

=10+ dr (o= [ =t
> fO)+ [ (e 0 dr* (0= Hyx 0 d (1)

>f(0+fh(xtdf fH(\ft‘)df()
= @.(f)(x).

Analogously we can show f(x)< ®,(f)(x), xe [0, 1].

Remarks. (1) The operators ¢, and @, are non-linear since the only
linear one-sided approximation operator is the identity operator.

(2) It can be easily shown that the operators are equicontinuous in
the sense of Holder as functions from the Banach space BV[0, 1] with the
variation norm into C[0, 1] with the maximum norm. For if we define the
variation norm by |q|,:=[¢9(0)]+Vi(gq), qeB¥V[0,1], and choose
/» g€ BV]O0, 1] arbitrarily we get by means of the inequalities |4,(x, ¢)] <2
and [H,(x,1)| <2, x,t€[0, 1],

10.(f) — @u()llee <1 /(0)— g(0) +2V5(f* — g ) +2Vo(f~ —g7)
<= 0) +2Vo(f— g)+2V Vi—V,)
<4|f—zl.

and analogously

19,(f) = @)l <41 f— gll.-

4. LocaL AND GLOBAL APPROXIMATION PROPERTIES

To get a first impression of the approximation properties of the
operators we start with a local approximation theorem. For this reason we
define f(x+):=lim,_q, f(x+4) and f(x—):=lim,_,, f(x—h) and
remember that for feBV[0,1] and xe[0,1] we have Vit(f)=
[flx+)—F) + [ f(x)— f(x—)| (cf. Riesz/Sz-Nagy [7, p. 14]).
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THEOREM 4.1. Let fe BV[O0, 1] be given. Then we have for xe{0, 1],
lim (@.(f)— (I Nx) = flx+)—fl) +1 fix)— flx—). (41}

Moreover, if [ is non-increasing or non-decreasing at x, ie., if

min{f(x—), f(x+)} <f(x) <max{f{x—), flx+}},

we have

lim ¢,(f)(x)=min{f(x—), flx+)},
n— o0 (4.2}

lim @,(f)(x)=max{f(x—), flx+)}.

B oC

Proof. Since (4.2) follows immediately from (3.5), (4.1), and the local
monotonicity of f; we only have to prove (4.1). Using the inequality
(1—(x—1)2)"<e =" x, 1[0, 1], and the assumed constant extension
of fover [0. 1] we get the following estimates:

L ; k]
D,(f)(x) = 9,/ )x) < jo e~ gy (1)
e~V + VU,

0, o N[ (==Y v, i)

.V*"‘l
N
2|\ L—=] Vitnadf)
" _

Now (4.1) follows for n — co.

After this local result we are now interested in the more global
approximation properties of the operators. For this reason we have to
introduce the well known t-modulus of first order of / with respect to p.
Using the local w-modulus {f bounded and measurable, xe {0, 11, >0}

w,{f, x, 6) :=sup{lf(a)—f(b)]:a,be[x—%,x+%}r\ [0, 1]},

it is defined by

T,/ 0) =l (f; x, 8)l ,, I<p<oo,
Ty o (f; 8) r=sup{w,(f, x,8): xe [0, 11} = a{f, &)



174 BURKHARD LENZE

LemMMA 4.1, Let fe BV[O0, 1] and 1 < p< oo be given. Then we have
@) T ,(f;o)<T,(f9), 0<d<9, (4.3)
(b) 1, ,(find)<nt (f.0), O0<d,neN, (4.4)
(¢c) fis constant on [0, 1] if and only if
T1(f,6)=0(0)  (6—0)

(4.5)

Proof. For (a) and (b) see Popov [6] and his references. Moreover, for
p= oo equivalence (c) is well known, too (for example see Gorlich/Nessel
[2, Remark 4.37). Since the t-modulus vanishes for constant functions one
implication of (c) is evident even in case 1 < p< oo. To get the opposite
implication we remember the inequality o, ,(f,d)<7,,(f,6) where
w, ,(f, 6) is the usual w-modulus of first order with respect to L, (cf.
Popov [6]). Now the small o-condition for the t-modulus gives
w, ,(f, 6)=0(3), 6 =0, which implies that f is constant almost everywhere
on [0, 1] (see again Gorlich/Nessel [27]). The final step of showing that f'is
constant everywhere on [0, 1] is easily done by contradiction (f=C a.e.
on [0, 1] and f(x,) = Cy# C for some x,€ [0, 1] implies t, ,(f, ) > Mé,
M > 0; for details see [3,4]).

We are now able to formulate a complete characterization and
saturation theorem for the operators ¢, and @,,.

THEOREM 4.2. Let fe BV[0,1], 1< p< o0, and neN, n=2, be given.
Then there exist hon-negative real numbers K, and K, (independent of f, p,
and n), such that

(i) 10, (Ve n )< K D) = 0, (4.6)
(il) N1D9.(f) =@, <Koty ,(Vp,n™1?) (4.7)

In particular we have for 0 <a <%,

19,(f) =@ (N, =0(n"7)  (n— ),
if and only if
t1,(Vy, 8)=0(8%)  (6-0).

Finally the operators are saturated of order n='?, ie.,

D)= /N ,=0(""%)  (n—>o0)
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if and only if
7, Vs, 8)=0(5) (6 —-0)
and

1@.(f) =@, =0n"'?)  (n—x)
if and only if f is constant on [0, 1].

Proof. Since with Lemma4.1 the characterization and saturation
statements follow easily from (i) and (ii) by standard analysis, we only
have to prove the two inequalities.

{i) Since (I —1/n)Y"=1/2e, n>2, we have for I < p<x

1 Iip
“n 2yn-l2 P
AV ”}:(j (VR
0

s(fol {ans"“ze(l__) av At )§ dx)
<2 ( [ {fol (1= (x =17y de(t)}p dr)

0

=2e [ D,(f)— @, () ,-

(ii)y Let xe[0,1] be given and 1< p<oc. Defining [\/E} =
max{mellmg\/Z} we introduce the equidistant partition 0=1,<¢, <

< tpayer=10f [0,13 with 7;:=i-([/n]+ 1) i=0, .., [/n]+ L.
Assuming xe[#,, 1., ,] we get, by using the so-called upper Riemann-
Stieltjes sum with respect to the chosen partition,

1)) = o NV < [ e v

0
k—1 .
< z efn(.rf!,+1)-[/2+1(f}
i=0
+1 I/'::wl(f)
[ 7]
+ Y e
i=k+1
[ n] . R / +2) \

< Z e—n(l,v’([\'n]wtib)'

~= 1 Vw-,
! [f3+1/
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Taking the L,-norm on both sides we finally get, by means of Lemma 4.1,

SN 2(i+2) )
)} — < i“/4 Lp vV T
2.0 =0l < 5. e e, ( e

<( 3 2206 ) e

i=0

The proof for p = oo follows analogously by taking the supremum instead
of the integrals.

Remark. For fe BV[0, 1] the saturation condition 7, ,(V, 6) = 0(d),
(6 —0), is equivalent to t, ,(f, 6) = O(d), (6 —0). For a detailed discussion
of the connection between the t-modulus of f and the r-modulus of the
variation function of f see [4].

5. WEIGHTED L ,-APPROXIMATION PROPERTIES

Let BV(R) be the space of all real valued functions of bounded variation
on R. For fe BV(R) and 0<<a<1 let f** denote the modified maximal
function of f,

#x(x)imsup LEHR S0 (5.1)

#>0 (2h)*

Since in this paper we only consider functions fe BV(R) the modified
maximal functions may be interpreted as a special case of the maximal
functions mentioned by Stein and Weiss [8, p. 85, Remark 5.6] and others
especially in connection with relative differentiation of measures; to see this
we note that each fe BV(R) induces a well-defined Borel measure, the
so-called Lebesgue—Stieltjes measure corresponding to f. Moreover, f¥*(x)
can be interpreted as a local Lipschitz constant of f of order a. Since fis of
bounded variation the central derivates of f exist almost everywhere on R,
ie., f¥*(x) is finite for almost every x € R. More precisely, f ¥*(x) is finite if
and only if |f(x+h)—f(x—h)=0(2h)*), h—0, ie., the modified
maximal functions are sensitive measures of the local divergence or
convergence order of the central derivates of f.

LEmMMA 5.1. Let fe BV(R) be non-decreasing and 0 <o < 1. Then there
exists a real constant C> 0 (independent of [ and «) such that for all xe R

sup [ n¥%e = f(1) < C - f24(x). (52)
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Proof. Let xeR and neN be given and define ¢;,:=x+in"'? ieZ
Then we have

JN n*2e =" 17 gf (1)
i—1 5
< lim sup ) n*%e 7 (f(t;01)— f(1,))
Yen Jj=0

0 5
+ lim sup ) n*e (f()—f(t,_)

i
"TieN j=itl

<lim Y e QU+ 1)
en =0
SO+ (4 D /n) = f(x— G+ D) /r)
QU+ 1)/ /n)

X

0
+ lim Y e Q2( 4+ 1))

—ieN J=1+1

SO D//m) = £ = (L + 1Y/ m)
QU+ Dy /n)?

< (4- T et 1)>f;"*(x)-

ji=0

Remark. 1In case o =1 it follows from Lemma 5. that

P

J ” \/; e " e(r) dt

— o0

sup
nelN

<C g*x}

for ge L,(R), xeR, and g* the classical Hardy-Littlewood maximal
function of g,

" 1 pXx+h d
g*(x) -—:\ir;ﬁjx_h [g(t)| dt

(cf. Wheeden/Zygmund [9, pp. 104, 1567]). Moreover, an easy calculation
yields

fFrx<(UH*x),  xeR,

in case of f being absolutely continuous on R. This inequality shows the
essential difference between the two maximal functions: while the Hardy-
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Littlewood maximal function of f is a gauge of the size of the averages of
| | around x, the modified maximal function is a measure of the size of the
averages of the absolute derivates of faround x.

Now we are able to give a sufficient condition for a prescribed weighted
approximation order in terms of the integration properties of the modified
maximal functions.

THEOREM 5.2. Let feBV[0,1], 1<p<ow, and 0<a<l be given.
Moreover, let ge L,[0, 1] be a non-negative weight function. If the integral

[z gtxye ax

exists and is finite, then we have for n — o,

HD@.(f)— @) gl ,=O(n~*?).

Proof. For given ne N we get using Lemma 5.1

na'vvz H(¢n(f) - (pn(f)) g” ¥4

<([ ([ nme = av " gnrds)
<(J (| 1)) (g(x))? dx

<C-I(VA* - gl

(Note that in this theorem f and ¥, are assumed to be extended on R con-
stantly.)

Remark. Let us mention that by means of the proofs of Lemma 5.1 and
Theorem 5.2 the condition

I(VA- +h)= V(- —h) gll ,=O(lAI*), k-0,

is also sufficient for the validity of Theorem 5.2. The concept of maximal
functions, however, is more directly connected with the smoothness of f
resp. V, and, for example, also works in case 0 < p < 1.
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